Abstract. We study the flow of an incompressible viscous fluid through a long tube with compliant walls.
1.
Introduction. This paper is motivated by the study of blood flow through compliant vessels. One of the open mathematical problems in this research area is rigorous derivation and error analysis of the asymptotic equations that hold in long and narrow axisymmetric vessels. In particular, it is important to analyze fluid-structure interaction resulting from the nonlinear coupling between the incompressible Navier-Stokes equations and the motion of a compliant vessel wall. Modeling of compliant vessel walls is a complex problem in its own right [11, 23] . Even in the simplified case when the anisotropic behavior of the vessel wall is ignored and angular deformations are neglected, in which case the linear Navier equations for the curved membrane can be used to model the wall [13, 16, 23] , the analysis of the nonlinear coupling between the flow equations (Navier-Stokes equations) and wall behavior (Navier membrane equations) is unresolved. See [23] for the closest results. As a first step in analyzing this problem we focus in this paper on understanding the coupling between the Stokes equations (creeping flow) and the Navier equations for a curved elastic membrane. This is a good model for the flow of blood in small arteries. Indeed, it was noted in [20] that in small arteries, viscous effects of blood become more important than the inertia effects, and therefore Stokes equations are appropriate. We study the time-dependent flow governed by a given time-dependent pressure drop between the inlet and the outlet boundary. We refer the reader to books [5, 14, 15] for a general geometric setting of boundary-value problems in thin domains.
In this paper we derive the reduced (effective) equations that hold for this fluid-structure interaction problem when the ratio ε between the radius and the length of the vessel is small. The reduced equations are justified by showing that the solution of the original problem converges to the solution of the reduced problem as ε → 0. Furthermore, we obtain the precise error estimates which show that the error in the solution of the reduced problem is of order O(ε 2 ) everywhere except at the outlet boundary, where the formation of the boundary layer deteriorates the error to O(ε 3/2 ). Derivation of the reduced equations and the precise error estimates are the main original contribution of this work. Numerical simulations showing the dynamics of the fluid-structure interaction and the formation of the boundary layer are presented at the end of the paper.
It is interesting to point out that we recover the well-known law of Laplace [11] , namely, the "independent ring model," given by (5.23) [11, 20, 4] , as a special case of the parameter values, namely, in the case when the Poisson ratio of the wall structure is 0.5 and shear modulus of the vessel wall is negligible. For a general Poisson ratio, we provide a general pressure-displacement relationship. Finally, we obtain a model which holds in the situations when the shear modulus is not negligible. Such situations arise, for example, in "stented" arteries (arteries treated with prostheses to prevent occlusion or to prevent aneurysm rupture [3, 10] ). Our analysis provides the reduced equations, which are a more accurate model in these scenarios. Their simple form in terms of the pressure makes the resulting equations particularly attractive for numerical simulations where they can be coupled to the two-or three-dimensional solvers in nonuniform geometries or used, for example, in the study of blood flow in small (e.g., coronary) branching arteries, with the appropriate coupling at the branching locations (see, for example, [21] ). This paper is organized as follows. We define the problem in section 2. In section 3 we obtain the energy estimates for the above-mentioned fluid-structure interaction problem and show how forcing, given in terms of the pressure drop, controls the elastic and viscous energy. From the energy equality we obtain (optimal) a priori estimates of the solution given in terms of the small parameter ε. The a priori estimates and the choice of the "correct" time-scale (to capture the oscillations induced by the outside forcing and governed by the fluid motion) provide leading order behavior of the state variables and the correct form of the asymptotic expansions. Asymptotic expansions, which are studied on a rescaled domain, are presented in section 4. By inserting the "correct" asymptotic expansions into the coupled fluid-structure system, we obtain the reduced equations in section 5. The reduced equations are a second-order approximation to the original problem in the interior of the domain. The approximation is rigorously justified by obtaining a weak convergence result and by calculating the corresponding error estimates. The weak convergence result, presented in section 6, shows that the solution of the original problem converges weakly to the unique solution of the asymptotic equations. The error estimates, obtained in section 7, show the order of the approximation and reveal the formation of a boundary layer at the outlet boundary. See Figure 7 .1. The boundary layer at the outlet boundary gives rise to major technical difficulties in the error estimates. To the authors' knowledge, there are no mathematical results on higher order approximations and error estimates for fluid-structure problems in thin domains. This is primarily due to various difficulties associated with dealing with boundary conditions. The closest results on error estimates are the ones presented in [19] , where higher order approximations and error estimates for the Stokes flow through fixed domains with small thickness are given, with the given velocity field at the lateral boundary. This is different from our approach. In section 7 we explicitly construct the outlet boundary layer and find the error estimates for the approximate solution modified by the boundary layer solution. We show that due to the presence of the boundary layer, the error in the approximation is of order O(ε 3/2 ). This is by √ ε order of magnitude less than the accuracy obtained in [19] . The deterioration of the order of approximation is concentrated at the outlet boundary. This can be seen in the numerical simulations, presented in Figure 7 .1. 
Statement of the problem.
We consider the unsteady axisymmetric flow of a Newtonian incompressible fluid in a thin right cylinder whose radius is small with respect to its length. Define the ratio between the radius and the length of the cylinder to be . For each fixed > 0 introduce Ω ε to be
We assume that the cylinder's lateral wall Σ ε = {r = εR} × (0, L) is elastic and that its motion is described in Lagrangian coordinates by the Navier equations
Here η ε is the radial and s ε is the longitudinal displacement from the reference state (see Figure 2 .1), h = h(ε) is the membrane thickness, ρ w is the wall volumetric mass, E = E(ε) is the Young's modulus, 0 < σ < 1/2 is the Poisson ratio, G = G(ε) is the shear modulus, and 
is the Timoshenko shear correction factor (see [16, 23] ). F r and F z are the radial and the longitudinal component of the external forces, coming from the stresses induced by the fluid. For the underlying blood-flow problem, the parameter values are presented in Table 2 .1. Throughout the paper we will be assuming the following relationships between the parameters in the model. Assumption 1. The Young's modulus, the wall thickness, and the shear modulus satisfy
Initially, the cylinder is filled with fluid and the entire structure is in an equilibrium. The equilibrium state has an initial reference pressure P 0 and the initial velocity is zero. If we denote by T the (membrane) stress tensor, then in the equilibrium (unperturbed) state only the T zz and T ϑϑ components of the stress tensor corresponding to the curved membrane Σ ε are not zero (see [16, 23] ). Their values are kG and εR∆P 0 /h, respectively, where ∆P 0 is the difference between the reference pressure in the tube and the surrounding tissue. For simplicity we assume that ∆P 0 = 0; hence T ϑϑ is zero in the unperturbed state. A pressure difference between the inlet and the outlet boundary of Ω ε creates a deviation from the unperturbed state. We assume that the pressure drop is small compared to the reference pressure and that the fluid acceleration is negligible compared to the effects of the fluid viscosity µ. Therefore, we can use the axially symmetric incompressible Stokes system to model fluid velocity v ε = (v ε r , v ε θ , v ε z ) and the pressure perturbation, p ε , from the reference pressure P 0 . Assuming zero angular velocity, in cylindrical coordinates the Eulerian formulation of the problem reads
These equations are coupled with the Navier equations for the curved membrane through the lateral boundary conditions requiring continuity of velocity and continuity of forces at the wall Σ ε . More specifically, we require
and we set the radial and longitudinal forces F r and F z in (2.2) and (2.3) equal to the radial and longitudinal component of the stress exerted by the fluid to the membrane
where D(v ε ) is the rate of the strain tensor, i.e., the symmetrized gradient of the velocity
We note that in this approximation the interface is identified with the reference elastic wall Σ . The initial state of the structure is unperturbed and at initial velocity zero
and we consider the following boundary data, which, as we shall see in section 6.1, give rise to a well-posed initial-boundary-value problem for the limiting configuration ( → 0):
Notice that pressure drop A(t) drives the problem. For simplicity we suppose that A ∈ C ∞ 0 (0, +∞). Note that physically one should expect nonzero displacements at the outlet boundary. The fixed outlet boundary, required in (2.17), gives rise to the formation of a boundary layer. See sections 6.1 and 7. Periodic boundary conditions, although natural in rigid-wall geometries, do not give rise to well-posed limiting problems when compliant walls are considered.
We summarize the initial-boundary-value problem for the coupled fluid-structure interaction driven by the time-dependent pressure drop between the inlet and the outlet boundary.
Problem (2.17) . The initial data is given by (2.14) .
In the next section we derive the weak formulation and the energy equality and obtain the a priori estimates for the solution. The existence of a unique weak solution to this problem is straightforward.
3. Weak formulation and energy estimates.
Weak formulation.
We define the space of test functions V ε and the solution space V ε to be the following. 
Define the matrix norm | · | through the scalar product
Then for each fixed ε > 0 the variational formulation and weak solution are defined by the following. 
and
Existence of a unique solution to problem (3.1)-(3.2) is classical. It is a consequence of the corresponding energy estimate and of Korn's inequality [9] .
Our goal is to study the behavior of the solution to (3.1)-(3.2) in the limit, as ε → 0. In order to do that we need an optimal energy estimate with respect to ε. Once the optimal energy estimate is obtained, a priori solution estimates will follow, and the correct asymptotic expansions will be obtained. By plugging the asymptotic expansions into the original equations, the reduced equations, second-order accurate in ε, will be derived. We will see in section 3.2 that obtaining the optimal energy estimate is nonstandard because we do not have the no-slip boundary condition at the lateral boundary and because we will have to deal with the viscous energy which is given in terms of the symmetrized gradient of the velocity D(v ε ) instead of ∇v ε .
Energy estimate.
The energy of this problem, obtained by using the velocity field as a test function in (3.1), consists of the elastic energy of the membrane, the viscous energy of the fluid, and the energy due to the outside forcing. The time derivative of the elastic energy
can be expressed as follows. Lemma 3.1. The displacements η ε and s ε satisfy
We are interested in the oscillations of the membrane that are due to the time-dependent pressure drop A(t). These occur at a different time-scale than the characteristic "physical" time. In particular, as we will see later in the text, fluid velocity is greater than the velocity of the displacement. This, in turn, gives rise to long-wavelength elastic waves. It is these waves, among other things, that we would like to keep in our asymptotic reduction. This is why we introduce a new time-scalet = ω ε t, (3.4) where the characteristic frequency ω ε will be specified later (see (3.11) ) to include both the waves that occur at the leading order time-scale as well as the oscillations of the membrane caused by a response of the elastic material. The pressure drop is supposed to be a function oft.
From now on we use the rescaled timet and drop the wiggle. By keeping the rescaled time in mind and by using the expression for the elastic energy (3.3), we obtain the following.
) satisfies the variational equality
with v ε r = ω ε ∂η ε ∂t and v ε z = ω ε ∂s ε ∂t on Σ ε × (0, T ). We now investigate how the energy of the forcing term controls the elastic and the viscous energy of the coupled fluid-structure interaction. We start by transforming and estimating the right-hand side. Since we do not have the no-slip condition for the velocity at the lateral boundary, the situation is more complicated than in the derivation of Reynolds' equation. See [7] and the subsequent papers on the same subject. Furthermore, since on the left-hand side we have only the L 2 -norm of D(v ε ) and not the L 2 -norm of ∇v ε , a standard approach based on using the Gronwall estimate and the L 2 -norm of the velocity, ρ Ωε |v ε (t)| 2 rdrdz, is insufficient to guarantee the correct order of magnitude of the velocity. To get around this difficulty we transform the right-hand side term in (3.5) to a combination of a volume term and a lateral boundary term
and use the following variant of Biot law which will relate the forcing term with the volume shear stress term in the viscous energy and the elastic energy of the membrane.
Lemma 3.3. The following estimate holds:
Proof. The estimate follows by noticing that
Throughout the text we will be using the following notation:
An estimate for the axial component of the displacement in the energy equality (3.5) is given by the following lemma Lemma 3.4. Axial displacement s ε satisfies the estimate
Next, an estimate for the radial displacement is given by the following lemma. Lemma 3.5. Radial displacement η ε satisfies the estimate
Combining these two estimates, Lemma 3.3 and the following estimate, which relates the viscous energy with the forcing term,
from (3.5) we obtain the following lemma. Lemma 3.6. The radial displacement η ε , the axial displacement s ε , the viscous energy
and the energy induced by the pressure drop A(t) satisfy the energy estimate
By applying the Gronwall inequality to (3.9), we get an estimate which is crucial in determining the leading order behavior in asymptotic expansions. The estimate is a basis for the a priori solution estimates in terms of the small parameter and the characteristic frequency ω ε .
To capture the elastic response of the membrane to the oscillations in the pressure drop between the inlet and the outlet boundary, ω ε is chosen so that both terms on the right-hand side are of the same order in . Using assumption (2.4), we get
We are now ready to obtain the a priori solution estimates in terms of . In the text that follows we denote all the constants independent of ε by C. Define
Proof. First notice that (3.12) and (3.15) are obvious consequences of Proposition 3.7. Equation (3.14) is a variant of the Poincaré inequality, and so we need only to prove (3.13).
To prove (3.13) we start from estimate (3.10) for the shear stress term in
The difficulty comes from the term which is the product of two off-diagonal gradient terms 
The rest of the proof is now immediate.
all the above estimates but with
The important estimates are summarized in the following theorem. Here we recall Assumption 1 and use, with a slight abuse of notation, E 0 and G 0 to denote the expressions
The same estimates hold for
4. The rescaled problem and asymptotic expansions. In order to study problem P ε in the limit as ε → 0, it is convenient to use a rescaling which maps domain Ω ε to a fixed domain Ω = Ω 1 corresponding to ε = 1. This, in turn, rescales the variables and their derivatives in the following manner.
Let u ε be a sequence of axially symmetric functions defined on Ω ε with values in R 3 , u ε = u ε r e r + u ε z e z . Introduce the following scaling [14] :
The sequence {u(ε)} is now a sequence of functions defined on a fixed domain Ω ≡ Ω 1 . The rescaled differential operators D ε and div ε applied on u(ε) are given by
The rescaled incompressible Stokes' equations (2.7), (2.8), and (2.9), defined on Ω × R + , read
Since the quantities defined on the lateral boundary are invariant under this scaling, we use the same notation for the wall displacements of the rescaled problem as for the original problem, namely, η ε and s ε . The lateral boundary conditions then read
where F r and F z are given by (2.2) and (2.3), respectively. The initial conditions and the inlet and outlet boundary data are (2.14), (2.15)-(2.17) written in terms of the rescaled quantities.
To write this problem in variational form, introduce the space of all test functions ϕ = ϕ r e r + ϕ z e z to be the space V given by Definition 1 using = 1. Furthermore, let V be the space of rescaled functions on a fixed domain Ω defined by Definition 2 with = 1, with the incompressibility condition for the velocity replaced by div ε v(ε) = 0 and with
be a temporal test function. Then, after rewriting variational equality (3.1) in rescaled variables, multiplying (3.1) by ψ(t), integrating with respect to time, and dividing by ε 2 , we obtain the variational formulation of the rescaled problem specified in (4.7) where
Definition 4 (weak formulation of the rescaled problem P(ε)).
is a weak solution of problem P(ε) if the following variational formulation is satisfied:
The initial conditions at the lateral boundary are
Later in the text we will also need the weak formulation which includes the pressure. For this purpose we consider the test functions ϕ which are not divergence-free. Namely, denote by
Then the weak formulation of the problem, cast in terms of the velocity and pressure, reads as follows.
Definition 5 (weak formulation of P(ε) in the pressure-velocity form). The a priori estimates for the rescaled functions follow from Proposition 3.8, Theorem 3.10, and the following result.
the rescaled problem satisfies the a priori estimates
where all the norms are defined on Ω × (0, T ).
From the rescaled momentum equation relating the gradient of the pressure with the viscous effects of the fluid, we get an a priori estimate for the pressure p(ε) corresponding to v(ε). More precisely, we have the following proposition.
Proposition 4.4. The scaled pressure p(ε) satisfies the estimates
Proof. Let ϕ be an axially symmetric function in H 1 (Ω) 3 such that ϕ = 0 on ∂Ω \ {z = 0}. Then, for all such ϕ the scaled momentum equation gives
(Ω). Due to the surjectivity of the divergence operator between any subspace of H 1 (Ω) 3 bigger than H 1 0 (Ω) 3 and L 2 (Ω), there exists aφ ∈ H 1 (Ω) 3 , axially symmetric with ϕ = 0 on ∂Ω \ {z = 0}, such that divφ = g. Let ϕ r = εφ r and ϕ z =φ z . Then g = div ε ϕ and
, implying (4.18). After obtaining the uniform estimates for {v(ε), p(ε)}, which are valid for their time derivatives as well, we are in a situation where we can define the "correct" asymptotic expansions for v(ε), p(ε), η ε , and s ε . The usual difficulty with asymptotic expansions is to determine the "optimal" choice of the leading order powers of ε. In general, they follow from the a priori estimates. More precisely, for problem (3. Thus it is natural to use the following asymptotic expansions:
In the next section we will use these expansions to derive the reduced problem, which, as we shall see, will be second-order accurate in . In section 6.1 we prove the existence of a unique solution of the limiting problem, as → 0. This shows, in particular, that the a priori estimates and the asymptotic expansions given above are optimal.
5. The reduced problem. We derive the effective (reduced) equations, second-order accurate in ε, that hold for small ε. The reduced equations are obtained by inserting asymptotic expansions above into (4.1), (4.2), and (4.3) and by collecting the powers of ε. The incompressibility condition (4.3) implies 
Notice that (5.2) indicates that in this coupled fluid-structure problem for creeping flow, the radial component of the velocity is by one order of magnitude smaller than the axial component.
Insert expansions (4.19)-(4.22) into the momentum equations (4.1) and (4.2), and collect the powers of ε to obtain
To simplify notation, define Equations (5.6), (5.7), and (5.8) are the standard asymptotic equations obtained from the flow equations before any boundary conditions are taken into account. These are obtained, for example, in [4, 20] , using direct methods, in the case when the acceleration terms are not negligible. In that case, additional acceleration terms appear in (5.8). We mention that, typically, the viscous term on the right-hand side of (5.8) contains a factor with viscosity µ. In our reduction, this term is hidden by its inclusion in the asymptotic expansion of the velocity (4.19). What is typically done next in the reduction to a one-dimensional model is the averaging of the flow equations over a fixed cross-sectional area. This is where boundary conditions and modeling of vessel walls are included. In the case frequently studied in literature, the wall (structure) is modeled using the "independent ring model" [3, 4, 20, 10, 11, 22] . In that case the longitudinal displacement s is assumed to be zero, and the shear term ∂η/∂z is assumed negligible. The no-slip boundary condition is used at the lateral boundary.
In this paper, we do not use the no-slip condition, but we use the continuity of forces and velocity at the lateral boundary, which is more realistic when compliant vessel walls are considered. The structure (wall) is modeled by (2.2) and (2.3), whose asymptotic form is given by
Here again, with a slight abuse of notation, we used E 0 and G 0 to denote the expressions E(ε)h(ε)/ε and G(ε)k(ε)h(ε)ε, respectively. It turns out that the reduced equations in this case are much easier to write in terms of the effective pressure, p, rather than in terms of the cross-sectional area and the volumetric flow rate which are typically used when the independent ring model is employed. With this in mind, we proceed as follows. We focus on (5.9) and (5.10) to obtain the PDE for the pressure. We eliminate η, v z , and ∂s ∂z from (5.9) and (5.10) by using the incompressibility condition (5.6) and the momentum equations (5.7) and (5.8) in the following way. Integrate the leading order term in the second momentum equation (5.8) twice, from r to R, and use
to obtain the axial velocity
This is a variant of the Biot law for velocity; see [1, 24] . Combined with the incompressibility condition it provides the following relation used in the proof of the convergence theorem (see section 6): 
We claim that C 0 (t) = C 0 = 0. To see this, consider even extensions of the axial velocity v ε z and the axial displacement s ε for negative values of z. Analogously, make odd extensions of the radial velocity v ε r , radial displacement η ε , and the pressure p ε . It is easy to check that all the equations are valid for z ∈ (−L, L). Consequently, the partial derivatives with respect to z of all the quantities have the same regularity as the unknown functions. Hence
Therefore, C 0 (t) = 0.
From this calculation we obtain the following relation between η and p:
We use this to eliminate η from (5.9) and (5.10).
Note that at this point we can write (5.9) and (5.10) Depending on the problem, the coefficients containing shear modulus G 0 may or may not be negligible. In the two subsections that follow, we summarize the initial-boundary-value problems corresponding to the two cases.
Remark 1. Note that the "correct" time-scale for the pressure is
t p = E 0 R 8t = lim ε→0 h(ε)E(ε)εR 8µ t.
It is interesting to notice that for the values given in

The reduced problem with small shear modulus.
In this subsection we study the case when the coefficients containing shear modulus G 0 are zero or negligible. After taking into account the obvious regularity of p ε with respect to z (but not necessarily the regularity of s ε ), we see that p = A(t) for z = L. The reduced initial-boundary-value problem for the effective pressure reads 
where A = A(x, t) denotes the cross-sectional area at (t, x), and A(0) is the unstressed crosssectional area at x (corresponding to the zero pressure). This is the law of Laplace, or the independent ring model, found in [11, 20] using different approaches. In general, for negligible shear modulus, we find that pressure is directly related to the radial displacement via .24) where (5.23) is the first term in the expansion for the pressure in terms of the radial displacement. We see that, for general σ, the diffusion equation for the effective pressure can be easily written in terms of the radial displacement. The resulting equation is again parabolic, reflecting the fact that acceleration terms in the fluid equation have been ignored. More precisely, if the acceleration terms were present (Navier-Stokes equations), the resulting equation would include the second derivative of η with respect to time and give a hyperbolic problem. Hyperbolic problems are typically obtained when the reduced Navier-Stokes equations are coupled with the independent ring model [12, 20, 4] .
The reduced problem for nonnegligible shear modulus.
In the case when the shear modulus coefficients are not small, we need more boundary conditions for (5.20) . Furthermore, for G 0 > 0 the boundary conditions for the radial displacement are preserved in the limit. By using (5.18) we get the boundary conditions for ∂ zz p at z = 0, L. The reduced initialboundary-value problem reads
The reduced problem in the pressure-velocity form.
It is useful to cast the above reduced problem in terms of the leading order velocity and pressure. In fact, in section 6 we will show that the solution of the original problem converges to the solution of the reduced problem written in terms of (v z , p, η, s). For this purpose we define the reduced problem for (v z , p, η, s) by using (5.14) and (5.8) to describe conservation of mass and momentum, (5.11), (5.9), and (5.10) to describe the lateral boundary conditions, and conditions corresponding to (2.15), (2.16), and (2.17) as the inlet and outlet boundary data. Summarized, the problem can be written as follows. Find (v z , p, η, s) such that the following equations describing conservation of mass and momentum hold:
the lateral boundary conditions are
and the inlet and outlet boundary data are given by
In the next section we show that the solution of the original problem converges to the solution of the above reduced problem. Furthermore, in section 7 we show that the error between the solution of this reduced problem and the solution of the full Stokes problem coupled with the Navier equations for the membrane is of order 2 except at the outlet boundary, where, due to the existence of a boundary layer, the error increases to O( 3/2 ).
Convergence theorem.
In this section we study the rescaled problem P(ε) in the limit as ε → 0. We show that there exists a subsequence of a sequence of solutions of the rescaled problem which converges weakly and that the weak limit (each cluster point) satisfies the weak form of the reduced problem presented in section 5.3. Due to the uniqueness of the solution of the reduced problem, we conclude that every convergent subsequence of the sequence of rescaled solutions converges weakly to the unique solution of the reduced problem.
We start by proving the following weak compactness result for the sequence of solutions of problem P(ε).
Let
(Ω) and (6.1)
Theorem 6.1. There exists a subsequence (v(ε), p(ε), η ε , s ε ) chosen from a sequence of solutions of the rescaled problem P(ε) such that (µ/ε 2 v(ε), p(ε), η ε , s ε ) converges weakly as → 0. (u, p, η, s) , where u = u r e r + u z e z . Then
Denote its limit (cluster point) by
Moreover, u r = 0, 
Proof. We need only to prove u r = 0 and ∂p ∂r = 0 and the conservation of mass equation (6.8) .
To show u r = 0, multiply the incompressibility condition (4.
Therefore, ∂ ∂r (ru r ) = 0, and, since u r ∈ W r , it follows that u r = 0. To show that ∂p ∂r = 0, observe that (4.18) implies that for every ξ ∈ L 2 (0, T ;
and we conclude that p is independent of r, namely p = p(z, t).
To show that conservation of mass (6.8) holds, start with the incompressibility condition (4.3) and multiply (4.3) by the test functions
After passing to the limit as ε → 0, we obtain (6.8) and (6.9). L) ), and we drop the boundary condition for η at z = L.
Proof. Relation (6.10) is a consequence of the preceding theorem. To show the rest, make an even extension of the axial velocity v ε z and the axial displacement s ε for negative values of z and odd extension of the radial velocity v ε r , radial displacement η ε , and pressure p ε . It is easy to check that all the equations are valid for z ∈ (−L, L). Consequently, the partial derivatives with respect to z of all the quantities have the same regularity as the unknown functions, and we conclude that (6.11) holds. The boundary condition for the limit pressure in (6.12) is obtained in the same way. The boundary conditions for the displacements follow from the corresponding convergence results proved in Theorem 6.1. The initial conditions (6.13) for s and η follow from (6.5), (6.6), and (6.9).
Motivated by the weak formulation of the rescaled problem P(ε), assumptions (2.5) and (2.6), and the weak compactness result above, we define the following weak formulation of the limiting problem; call it P(ε → 0). Denote
Definition 6 (weak formulation of the limiting problem P(ε → 0)).
and conditions (6.10)-(6.13) are satisfied.
If
It will be convenient to work with the weak formulation written in terms of the pressure and velocity. For this purpose we define the following.
Definition 7 (weak formulation of P(ε → 0) in the pressure-velocity form). 15) and the conditions (6.10)-(6.13) are satisfied. V div =0 is defined by (4.9) .
The following theorem shows that solutions of problems P(ε) converge, as ε → 0, to the solution of the limiting problem. L) ) satisfies the weak formulation of the limiting problem P(ε → 0).
Proof. Consider the test functions ϕ ∈ V div =0 which are not divergence-free. First observe that since
we have
Next, weak convergence of p(ε) gives
Similarly, using ρ w Rh(ε)ε 3 /µ 2 ≤ Cε 3/2 , we get
Therefore, {u z , p, η, s} satisfies the weak form (6.15) .
The proof of Theorem 6.3 implies that any cluster point {u z , p, η, s} satisfies the momentum equation (6.17) the incompressibility condition (6.8), the initial and boundary conditions (6.10)-(6.13), and the following lateral boundary conditions:
We note that system (6.8), (6.17) , with the lateral boundary conditions (6.10), (6.18) , and (6.19) and the inlet and outlet boundary conditions (6.11) and (6.12) has a unique solution. This solution coincides with the solution of the reduced problem obtained using asymptotic reduction, presented in section 5.3. Its weak form is the problem (6.15). Therefore, we have shown the following.
Corollary 6.4. Every convergent subsequence of solutions of the rescaled problem P(ε) converges weakly, as → 0, to the unique solution of the reduced problem obtained using asymptotic reduction, presented in section 5.3. The weak formulation of the reduced problem is given by (6.10)-(6.13) and (6.15) .
The methods used in this section are standard and can be found in [5, 7, 14, 15] . We mention that the same convergence techniques can be used in the nonlinear case when monotone operators are considered (see, e.g., [18, 2, 17] ). Establishing the precise error estimates is nonstandard, and we present the analysis in the next section.
Error estimates.
In this section we establish the accuracy of the approximation and the relationship between the function v r and the radial velocity. The literature on higher order approximations for fluid-structure problems in thin domains is sparse because of the various difficulties associated with the boundary conditions that can be prescribed on a finite domain. The closest result on higher order approximations for the Stokes flow can be found in [19] , where Stokes flow through fixed domains with small thickness was studied with the prescribed velocity field as the lateral boundary condition. This is different from our approach.
There are various difficulties associated with error estimates for the fluid-structure interaction problem considered in the current paper. The main source of difficulties lies in the choice of the appropriate outlet boundary conditions. The minimum requirement for the outlet boundary conditions is that they should lead to a well-posed reduced problem. We found, for example, that periodic boundary conditions do not lead to a well-posed reduced problem. A further requirement is that the outlet boundary conditions for the reduced problem should be compatible with the fluid-structure interaction in the rest of the domain. Many "standard" boundary conditions typically used in fixed domains (rigid wall tubes) do not seem to satisfy this requirement. For example, zero tangential velocity at the outlet boundary, considered in our paper, although it gives rise to a well-posed initial-boundary-value problem, is incompatible with the flow generated in the rest of the domain. This generates a boundary layer at the outlet boundary and provides technical difficulties in obtaining the error estimates.
To get around this difficulty we construct a boundary layer in a manner similar to the one used in [8] . The construction is based on the following approach. We consider the same differential operator which holds for the original problem, but defined on a fixed domain, with the appropriate lateral boundary condition which will serve as a correction for the boundary layer effects. The rest of the boundary data is designed so that the boundary layer solution decreases exponentially away from the outlet boundary and therefore does not contaminate the original solution to the leading order accuracy. Nevertheless, due to the fact that the boundary layer solution ignores the interaction between the wall and the fluid, important shear stress effects will be created at the lateral boundary. This will give rise to a lower accuracy in the error estimate. More precisely, we will get an estimate of order O(ε 3/2 ). This is by O( √ ε) weaker then the analogous estimates in [19] . Getting a better estimate would, in turn, lead to a complicated modification of the effective equations. We construct the boundary layer explicitly by considering the following abstract problem on a semi-infinite rigid-wall cylinder Z − = S × R − , where S = {r < R} × {y 3 = 0}:
Proposition 7.11 from [8] provides the existence of a unique variational solution
for problem (7.1)-(7.5) such that there exist constants γ 0 > 0 and C π satisfying
for each multi-index α ∈ N 3 and α = 0,
, and
In addition, S β bl z = 0 and we have W 2,q -regularity of β bl and W 1,q -regularity of π bl at ∂S × {0}.
Define the boundary layer velocity and the boundary layer pressure to be
The boundary layer velocity and pressure satisfy (7.10) and the following estimates for the behavior at the lateral and at the inlet boundary: 
We are now in a position to estimate the difference between the solution of the rescaled problem and the solution of the limiting problem, modified by the boundary layer. We introduce the following notation:
The following theorem provides the error estimates. Theorem 7.1. Suppose that A ∈ C ∞ 0 (0, +∞), and let the parameters satisfy
Then for each fixed > 0 the following estimates hold for (1) the error in the velocity and pressure:
where the L 2 -norms are defined on Ω × (0, T ), and for (2) the error in the radial and longitudinal displacement:
where the L 2 -norms are defined on (0, L). The proof of this theorem is rather technical, and we enclose it in the appendix. Here we summarize the main steps.
We first calculate the PDE and the boundary conditions that are satisfied by the error (v, p, η, s). Without loss of generality suppose G 0 > 0. Using the equations for the rescaled problem (4.1)-(4.6), the reduced equations obtained via asymptotic reduction (5.3), (5.4)-(5.5), (5.9), and (5.10), and the boundary layer problem (7.8)-(7.14), we obtain the PDEs that hold in Ω × R + :
At the lateral boundary {R} × (0, L) × R + the error satisfies indicates the time in the sinusoidal cycle when the "snap-shot" is taken. We see clearly the formation of the boundary layer in the radial displacement at the boundary z = L. The pressure wave coming from the right "pushes" the particles on the membrane to the left, introducing negative longitudinal displacement in the first half of the sinusoidal pulse. This is consistent with the continuity of velocity and forces at the lateral boundary. The radial displacement is positive, and it is decreasing as the points move to the left, away from the right boundary z = L. Notice how the radial displacement is by ε order of magnitude smaller than the longitudinal displacement. The movie mentioned above shows how the wall particles move up and to the left in the first half of the sinusoidal cycle and down and to the right in the second half of the pressure cycle.
7.1. The reduced problem and error in physical domain. We conclude this section by writing the reduced equation in the physical (spatial) coordinates, namely, in the domain Ω ε .
Since p is independent of r, the equation for the pressure can be obtained directly from (5.25) by taking into account that the physical inner vessel radius equals εR and that ε is equal to the inner vessel radius divided by the length of the vessel L. We obtain The estimates for the displacement (7.19) remain unchanged.
Finally we mention that if we assume that the approximation of the data in (7.15) is of order ε 2 , the resulting error estimates are of order ε 2 in the norms defined on the domain Ω ε excluding the outlet boundary. Furthermore, we can obtain local estimates of order ε 2 for the derivatives with respect to z of all orders. Consider exponentially small quantities to be equal to zero. Then v(ε) ∈ V for every t and v(ε) can be used as a test function to obtain the following energy equality: Now hypothesis (7.15) , the regularity of p, and estimates (7.11)-(7.12) allow us to use the Gronwall inequality to estimate all the terms involving Φ j,ε by Cε 3/2 times the norm of v(ε) at r = R. We note that because of (7.12) we cannot get an estimate better than O(ε 3/2 ).
Next, the outlet term ε 2 t 0 R 0 C π v(ε) z (τ, r, L) rdrdτ is estimated as in the derivation of the a priori estimates. Observe that
Therefore, the outlet term is controlled by the sum of two terms-a lateral boundary term, which could be included in Φ 
